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ABSTRACT
In the paper the concept of a covertex inscribed triangle
of a parabola in an isotropic plane is introduced. It is a
triangle inscribed to the parabola that has the centroid
on the axis of parabola, i.e. whose circumcircle passes
through the vertex of the parabola. We determine the co-
ordinates of the triangle centers, and the equations of the
lines, circles and conics related to the triangle.
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Covertex trokuti upisani paraboli u izotropnoj
ravnini
SAZˇETAK
U radu se uvodi pojam covertex trokuta upisanog paraboli
u izotropnoj ravnini. To je trokut upisan paraboli cˇije
tezˇiˇste lezˇi na osi parabole, tj. cˇija opisana kruzˇnica pro-
lazi tjemenom parabole. Odred-uju se koordinate tocˇaka
te jednadzˇbe pravaca, kruzˇnica i konika povezanih s tim
trokutom.
Kljucˇne rijecˇi: izotropna ravnina, trokut, parabola
1 Motivation
The following theorem, which can be found in [10], is a
well-known fact from the geometry of Euclidean plane:
Let A,B,C be three points on a parabola P different from
its vertex and different mutually. These are the equivalent
statements:
10 The normal lines to P at A,B,C are concurrent.
20 The centroid of the triangle ABC lies on the axis of
parabola P .
30 The circumcircle of the triangle ABC passes through
the vertex of parabola P .
The perpendicularity is not defined in the isotropic plane,
and often an isotropic line plays a role of a line perpendic-
ular to a given one. Therefore, every normal to P passes
through the absolute point. From that point of view, the
property 10 is fulfilled for any three points on the parabola,
and it is interesting to study the triangles having properties
20 and 30.
The result above together with other results stated in [10]
inspired the authors to write this paper.
2 Introduction
Let us start by recalling some basic facts about the isotropic
plane. The isotropic plane is a real projective metric plane
whose absolute figure is a pair consisting of an absolute
point Ω and an absolute line ω incident to it, [11], [12].
The isotropic points are the points incident with the ab-
solute line ω and the isotropic lines are the lines passing
through the absolute point Ω.
In the affine model of the isotropic plane where the co-







absolute line has the equation x2 = 0 and the absolute point
has the coordinates (0 : 1 : 0).
Two lines are parallel if they pass through the same
isotropic point, and two points are parallel if they are in-
cident with the same isotropic line. For two non-parallel
points A = (xA,yA) and B = (xB,yB), a distance is defined
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by d(A,B) = xB−xA, and for two parallel points, xA = xB, a
span is defined by s(A,B) = yB− yA. For two non-parallel
lines p and q, given by the equations y = kpx + lp and
y = kqx+ lq, an angle is defined by ∠(p,q) = kq− kp. All
these quantities are oriented.
A triangle in the isotropic plane is called allowable if non
of its sides is an isotropic line. In our study only such tri-
angles are considered.





, while the bisector of the lines p and q is
given by the equation y = kp+kq2 x+
lp+lq
2 .
A normal line to a line l at a point P is the isotropic line n
passing through P. A distance from P to l is defined as the
span s(N,P), where N is the intersection point of l and n,
i.e. the point on l parallel to P.
The classification of conics in the isotropic plane can be
found in [2] and [11]. A circle is a conic touching the ab-
solute line ω at the absolute point Ω. The equation of such
a circle is given by
y = ux2 + vx+w, u 6= 0, u,v,w ∈ R.
A parabola is a conic touching the absolute line at a point
different from the absolute point. By choosing a suitable
coordinate system every parabola can be represented by the
equation
y2 = x. (1)
It has vertex (focus) at O = (0,0), the x-axis as its axis, and
y-axis as its directrix. A numerous properties of parabola
were discussed in [13], [15] and [19].
3 Covertex Inscribed Triangles of Parabola
Let A = (a2,a),B = (b2,b),C = (c2,c) be three points on
the parabola P given by (1) different from its vertex and
different mutually. Thus, a, b, c are mutually different
nonzero real numbers. It can be easily checked that A,B,C
lie on the circle C with equation
(a+b)(b+ c)(c+a)y = (2)
−x2 +(a2 +b2 + c2 +ab+bc+ ca)x+abc(a+b+ c).
The circle C passes through the vertex O = (0,0) precisely
when
a+b+ c = 0. (3)








triangle ABC lies on the axis of the parabola P , and we
proved:
Theorem 1 A triangle inscribed to a parabola has the
centroid on the axis of parabola if and only if its circum-







Figure 1: Covertex inscribed triangle of a parabola
The triangles having the property from Theorem 1 are
called the covertex inscribed triangles of the parabola. If
such a triangle ABC has vertices A = (a2,a), B = (b2,b),
C = (c2,c), the equations of its sides are:
AB ... x+ cy+ab = 0,
BC ... x+ay+bc = 0, (4)
CA ... x+by+ ca = 0.
Considering (3) we will use the standard notation:
p = abc, q = ab+bc+ ca. (5)
The following relations are interesting, useful and their va-
lidity can easily be proved:
a2 = bc−q,
a3 = p−aq,
a2 +b2 + c2 =−2q,
a2b2 +b2c2 + c2a2 = q2,
a4 +b4 + c4 = 2q2.
The equation (2) of the circumcircle C of ABC now takes
the form
py = x2 +qx, (6)
the centroid is G =
(− 23 q,0), and the Euler line has the
equation x =− 23 q, [6].
The properties of an allowable triangle in the isotropic
plane have been studied in numerous papers, [3], [4], [5],
[6], [7], [8], [14], [16], [18]. The observed triangle was set-
tled in the standard position having the circumcircle with
the equation y = x2 and the vertices of the form A = (a,a2),
B = (b,b2), C = (c,c2), where a+b+c = 0. The same no-
tations p = abc, q = ab+bc+ca were used as well. There-
fore, it is not of our interest to prove the theorems on the
29
KoG•23–2019 V. Volenec, E. Jurkin, M. Sˇimic´ Horvath: Covertex Inscribed Triangles of Parabola ...
special case of covertex inscribed triangles of parabola. In-
stead we determine the coordinates of the triangle centers,
and the equations of the lines, circles and conics related to
the triangles.
The midpoint Am of the points B and C has the coordi-
nates Am =
































It can be proved similarly that the midpoints Bm, Cm of the
sides AC, AB, respectively, also lie on the circle given by
(7). Thus, that circle is the Euler circle of the triangle ABC.
Let us now prove that the circle having the equation
4py = x2 (8)
is the inscribed circle of the triangle ABC. The line BC has
the equation x+ay+bc = 0 given in (4). The intersection
point of BC and the circle (8) is the point D =
(−2bc, bca )
having the intersection multiplicity 2. Therefore, D is the
contact point of BC and (8). In the similar way, it can be
shown that the lines CA and AB also touch the circle given
by (8).
The inscribed circle and Euler circle of a triangle touch
each other externally in a point called Feuerbach point,
and their common tangent is called the Feuerbach line of
the considered triangle, [1]. So, we prove:
Theorem 2 The Feuerbach point of the covertex inscribed











and its Feuerbach line is given by the equation
3qx+9py+q2 = 0. (10)
Proof. By eliminating y in (7) and (8), the equation
9x2+12qx+4q2 = 0 with double root x=− 23 q is obtained.
From (8) we get y = 19p q
2. The radical axis of the inscribed
circle and Euler circle is obtained by eliminating the terms
next to x2 in (7) and (8). Thus, the line having the equation
3qx+9py+q2 = 0 is their common tangent. 
In the isotropic plane the principle of projective duality is
preserved. The dual of the triangle inscribed circle is its
circumcircle, while the dual of the Euler circle is the cir-
cle inscribed to the triangle formed by angle bisectors of
the considered triangle, [7]. The circumscribed circle and
the dual Euler circle of the triangle touch each other at one
point, so-called dual Feuerbach point, and their common
tangent is called dual Feuerbach line.
Theorem 3 The dual Feuerbach point of the covertex in-










and its dual Feuerbach line is given by the equation
3qx+9py+4q2 = 0. (12)
Proof. The equations of the sides CA, AB from (4) can be
written in the form cx+bcy+ac2 = 0, bx+bcy+ab2 = 0,
and their angle bisector has equation −ax+2bcy+a(b2 +
c2) = 0, which because of −b2 − c2 = q + bc, and after
multiplying by a, turns to 2py = a2x+a2q+ap. By elimi-
nating the terms next to x2 in this equation and in the equa-
tion of the circle
8py =−x2−4qx−4q2 (13)
we obtain the equation x2 + 4(a2 + q)x + 4(a2q + q2 +
ap) = 0. Because of
a2q+q2 +ap = bcq+a2bc = b2c2,
it turns to the equation x2+4bcx+4b2c2 = 0 having a dou-
ble root. Therefore, the observed angle bisector touches
the circle (13). The same fact holds for the other two an-
gle bisectors of the triangle ABC as well. Thus, (13) is the
equation of the dual Euler circle of ABC. Now by elim-
inating y in (6) and (13) we get equation 9x2 + 12qx +
4q2 = 0 with a double root x = − 23 q. Hence, the point(
− 23 q,− 19p q2
)
is their contact point. By eliminating the
terms next to x2 in (6) and (13), the equation (12) of their
radical axis is obtained. 
The orthic axis of the triangle is the radical axis of a pencil
of circles consisting of some important circles of that tri-
angle as the circumcircle, Euler circle and polar circle, see
[1] and [14].
Theorem 4 The orthic axis of the covertex inscribed tri-
angle ABC of the parabola P is given by the equation
qx+3py+q2 = 0. (14)
Proof. By eliminating the terms next to x2 in the equations
(6) and (7) of the circumcircle and Euler circle of the trian-
gle ABC, the equation (14) of their radical axis is obtained.

30
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Theorem 5 The polar circle of the covertex inscribed tri-
angle ABC of the parabola P has the equation
2py =−x2−2qx−q2. (15)
Proof. The polar of the point (u,v) with respect to the cir-
cle (15) has the equation p(y+ v) = −xu− q(x+ u)− q2.
Therefore, the polar of A = (a2,a) has the equation py+
(q+a2)x+(q+a2)q+ap = 0, i.e. py+bcx+bc(q+a2) =
0, and finally x+ay+bc = 0 being the equation of the side
BC. Similarly we get that the polars of B and C are the
sides CA and AB, respectively. 
The circles of the pencil mentioned above intersect each










This can be easily proved by using e.g. (6) and (7).
The Gergonne point of the triangle ABC is the intersection
point of three cevians AD, BE, CF defined by the contact
points D, E, F of the inscribed circle, [3], and we have:
Theorem 6 The Gergonne point of the covertex inscribed









Proof. The line with the equation qx+(3p− aq)y = 3ap
obviously passes through the vertex A = (a2,a). It also
passes through the contact point D=
(−2bc, bca ) of the side
BC and the inscribed circle of the triangle ABC since
−2bcq+3b2c2−bcq = 3bc(bc−q) = 3ap.
Thus, the observed line is the cevian AD. On the other
hand, it also passes through the point Γ given in (16). Since
the analogue statements hold for the lines BE and CF , Γ is
the Gergonne point of the triangle ABC. 
Corollary 1 The Gergonne point of the covertex inscribed
triangle ABC of the parabola P lies on the parabola P
Corollary 1 together with Theorem 1 present new geomet-










Figure 2: The centroid G, Feuerbach point Φ, dual Feuer-
bach point Φ′ and Gergonne point Γ of the
covertex inscribed triangle ABC of a parabola
Theorem 7 Every conic circumscribed to the covertex in-
scribed triangle ABC of the parabola P has the equation
of the form
Ax2 +2Bxy+Cy2 +(qA−C)x+(2qB− pA)y−2pB = 0,
(17)
the axis with equation
Bx+Cy+qB− 1
2
pA = 0 (18)










Proof. Every conic is given by the equation of the form
Ax2 +2Bxy+Cy2 +2Dx+2Ey+F = 0. (20)
The points A = (a2,a) and B = (b2,b) lie on the conic pre-
cisely when the following equalities hold:
a4A+2a3B+a2C+2a2D+2aE +F = 0,
b4A+2b3B+b2C+2b2D+2bE +F = 0. (21)
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i.e.
(cq+ p)A−2qB− cC−2cD+2E = 0 (22)
since
(a2 +b2)(a+b) = (−q−ab)(−c) = cq+ p.
Similarly, we get
(bq+ p)A−2qB−bC−2bD+2E = 0,
(aq+ p)A−2qB−aC−2aD+2E = 0.
It immediately follows pA − 2qB + 2E = 0, and from
(22) also qA−C − 2D = 0. Thus, 2D = qA−C and
2E = 2qB− pA are valid. From (20) we get (a4 + a2q−
ap)A+2(a3 +aq)B+F = 0, and finally F =−2pB since
a3+aq = p. We proved that the conic circumscribed to the
triangle ABC has to have the equation of the form (17).




1 +2Dx0x2 +2Ex1x2 +Fx
2
2 = 0,
and the point (u0 : u1 : u2) has the polar with the equation
Au0x0 +B(u1x0 +u0x1)+Cu1x1 +D(u0x2 +u2x0)
+E(u1x2 +u2x1)+Fu2x2 = 0. (23)
Particularly, the polar of the absolute point Ω = (0 : 1 : 0)
is given by the equation Bx0 +Cx1 +Ex2 = 0, i.e. in affine
coordinates Bx+Cy+E = 0. Thus, when the conic is given
by the equation (17), its axis is given by the equation (18).
The equation (23) written in the form
(Au0 +Bu1 +Du2)x0 +(Bu0 +Cu1 +Eu2)x1
+(Du0 +Eu1 +Fu2)x2 = 0
is the equation of the absolute line x2 = 0 precisely when
Au0 +Bu1 +Du2 = 0 and Bu0 +Cu1 +Eu2 = 0. Therefore,






= (u,v) have to










So, when the conic is given by (17), its center is given by
(19). 
The properties of the Steiner ellipse, Steiner axis and
Steiner point of a triangle in the isotropic plane were stud-
ied in details in [8] and [18]. Here we prove the following
two theorems:
Theorem 8 The Steiner ellipse of the covertex inscribed
triangle ABC of the parabola P has the equation
3qx2 +9pxy−q2y2 +4q2x+6pqy−9p2 = 0, (24)
while the Steiner axis is given by
9px−2q2y+6pq = 0. (25)
Proof. By inserting A = 3q, B = 92 p, C = −q2 into (17),
(18), (19), the circumscribed conic (24) with the axis (25)
and the center M =
(− 23 ,0) is obtained. The point M is
the centroid G of the triangle ABC, and therefore (24) is
the equation of the Steiner ellipse. 
Theorem 9 The Steiner point of the covertex inscribed tri-













Proof. The coordinates of the point S satisfy the equations
(6) and (24). So, it is the intersection of the circumcircle
and the Steiner ellipse of the triangle ABC. 
The isogonal conjugate P′ of a point P with respect to tri-
angle ABC is constructed by reflecting the lines AP, BP,
CP about the angle bisectors at the points A, B, C, respec-
tively. The three reflected lines then concur at the isogonal
conjugate P′. The isogonality in the isotropic plane was
studied in [9].
Theorem 10 The isogonal point P′ = (x′,y′) of the point
P = (x,y) with respect to the covertex inscribed triangle
ABC of the parabola P has the coordinates
x′ = −qx
2 + pxy+q2x− p2
x2 +qx− py ,
y′ =
qxy+ py2− px+q2y− pq
x2 +qx− py . (27)
Proof. If a point P = (u,v) is given, then the slope of the
line AP equals to k = v−au−a2 . The line isogonal to the line
AP with respect to the lines AB and AC with slopes− 1c and












(bcv−au−aq)x+(bcu−ap)y = aqu+apv−a2 p−a3q.
(28)
Similarly, the line isogonal to the line BP with respect to
the lines BC and BA has the equation
(cav−bu−bq)x+(cau−bp)y = bqu+bpv−b2 p−b3q.
(29)
32
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By subtracting (28) and (29) and then dividing by a−b we
get
(cv+u+q)x+(cu+ p)y =−qu− pv− cp−q2.
So, we conclude that the following two equalities have to
hold
(u+q)x+ py =−qu− pv−q2, vx+uy =−p.
Solving the system of equations, we get
x =−qu
2+puv+q2u−p2
u2 +qu− pv ,y =
quv+pv2−pu+q2v−pq
u2 +qu− pv ,
which finishes the proof. 
The symmedian center K is the isogonal conjugate of the
triangle centroid G. Therefore we have:
Theorem 11 The symmedian center K of the covertex in-

















Proof. The claim follows from (27) after inserting x =
− 23 q, y = 0. 
Theorem 12 The isogonal image of the isotropic line x′ =
m with respect to the covertex inscribed triangle ABC of the
parabola P is a special hyperbola circumscribed to ABC
having equation
(q+m)x2 + pxy+q(q+m)x−mpy− p2 = 0. (31)
Proof. It follows directly from the first equation in (27). 
The isogonal image of the Euler line, so-called Jerˇabek hy-
perbola, and the isogonal image of the Brocard diameter,
so-called Kiepert hyperbola, in the case of standard trian-
gle were studied in detailed in [5] and [16]. Here we prove
Theorem 13 The Jerˇabek hyperbola of the covertex in-
scribed triangle ABC of the parabola P is given by
qx2 +3pxy+q2x+2pqy−3p2 = 0, (32)
while its Kiepert hyperbola is given by










Figure 3: The centroid G, symmedian center K and
Steiner point S of the covertex inscribed triangle
ABC of a parabola. The Steiner axis and Steiner
ellipse are marked in blue, the Euler line and
Jerˇabek hyperbola are marked in green, while
the Brocard diameter and Kiepert hyperbola are
marked in orange.
Proof. The equations (32) and (33) follow directly from
Theorem 12 by inserting m =− 23 q and m =− 2q
3+9p2
2q2 into
(31) for the Euler line and Brocard diameter, respectively.

The concept of reciprocity with respect to the standard tri-
angle in the isotropic plane was introduced and studied in
[17]. Here we prove the following theorem:
Theorem 14 The lines given by the equations
Ux+V y+W = 0 (34)
and
U ′x+V ′y+W ′ = 0, (35)
where
U ′ = qU2 +V 2−UW, V ′ = pU2−VW,
W ′ = q2U2 +qV 2 +W 2− pUV −2qUW, (36)
are reciprocal lines with respect to the covertex inscribed
triangle ABC of the parabola P .



















KoG•23–2019 V. Volenec, E. Jurkin, M. Sˇimic´ Horvath: Covertex Inscribed Triangles of Parabola ...
lie on the line BC given by x+ ay+ bc = 0, and they are
isotomic conjugate since they have the same midpoint as
the points B and C. Indeed,
bcV −aW
aU−V +
qV +aW −aqU− pU





aU−V =−a = b+ c.
The point D obviously lies on the line (34), and point D′
on the line (35). Thus, the lines (34) and (35) intersect the
line BC in the isotomic conjugate points of the side BC.
The similar claims can be proved for the sides AB and CA
as well. Therefore, the lines (34) and (35) are reciprocal
with respect to the triangle ABC. 
Using Theorem 14 it can be easily shown that the orthic
axis of the triangle ABC is reciprocal to its Steiner axis,
while the Euler line of the triangle is reciprocal to its Feuer-
bach line.
The concepts of equicevian points and equiangular lines of
the triangle in the isotropic plane were studied in [4] where
a number of their significant properties was considered. A
point P such that the points D = AP∩BC, E = BP∩CA,
F =CP∩AB satisfy the equalities
d(A,D) = d(B,E) = d(C,F) = t2, t 6= 0, (38)
is called the equicevian point of the triangle ABC. It is
known that each allowable triangle in the isotropic plane
has two equicevian points.
Theorem 15 The equicevian points of the covertex in-










Proof. Let us look for a point P such that (38) is fulfilled.
















t2 + c2−b2 .
According to Ceva’s theorem, which also holds in
the isotropic plane, the lines AD, BE and CF pass
through the point P if and only if d(B,D)d(C,E)d(A,F)
+d(C,D)d(A,E)d(B,F) = 0, i.e.
(t2 +a2−b2)(t2 +b2− c2)(t2 + c2−a2)
+(t2 +a2− c2)(t2 +b2−a2)(t2 + c2−b2) = 0,
which holds precisely when
2t6 +2t2
(
b2c2 + c2a2 +a2b2−a4−b4− c4)= 0,
i.e.
2t6−2q2t2 = 0.
As t 6= 0, it has to be t4−q2 = 0, which leads to t2 =±q.
The line BC has the equation y =− 1a x− bca , so the ordinate
of the point D equals 1a









It can be easily checked that the coordinates of the points
A and D satisfy the equation
(t2−2q+3bc)x+at2y = 2a2t2−2a2q+3ap.
Thus, that is the equation of the line AD. Some short cal-






t2−q) , 3pt2 ). The equivalent statements holds for
the lines BE and CF . Thus the point P is equicevian point
of the triangle ABC. 
The equicevian points of the standard triangle considered
in [4] are so to say equal. It is not like that in the case of
the covertex inscribed triangle of the parabola. Here the















They are symmetrical with respect to the centroid G of the
triangle and they lie on its Steiner axis. It is also known
that they are the foci of its circumscribed Steiner ellipse
of the triangle ABC, [4]. But in the case of the covertex
inscribed triangle, it can be noticed that one of them, the
point P1, lies on the vertex tangent (directrix) of parabola
P . So, an interesting geometric fact can be stated:
Theorem 16 The circumscribed Steiner ellipse of the
covertex inscribed triangle ABC of the parabola P touches
the directrix of parabola P at one of the foci.
A line l such that the points D′ = l ∩ BC, E ′ = l ∩CA,
F ′ = l∩AB satisfy the equalities
∠(BC,AD′) = ∠(CA,BE ′) = ∠(AB,CF ′) = ϕ, ϕ 6= 0,
(41)
is called the equiangular line of the triangle ABC. It was
proved in [4] that each allowable triangle has two equian-
gular lines.
34
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Theorem 17 The equiangular lines of the covertex in-
scribed triangle ABC of the parabola P have the equations
qx−3py+q2 + 9
q
p2 = 0, qx+ py+q2 +
3
q
p2 = 0. (42)
Proof. Because of (41) the line AD′ has the slope ϕ− 1a ,







From (43) and the equation y = − 1a x− bca of the line BC










2a2 +bc−a3ϕ− pϕ) .










2b2 + ca−b3ϕ− pϕ) .
Using the equalities a+b =−c and a2+ab+b2 =−q, the











2ab+ c2 + pϕ
.







The points D′, E ′ and F ′ are collinear precisely when
abpϕ+ c2 pϕ− c2q




















So, we get two lines with slopes q3p and− qp . Since equian-
gular lines of a triangle pass through its symmedian center,
[4], which is now given by (30), their equations are of the
form (42). 
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